A mixed quantum-classical approach to simulate the coupled dynamics of electrons and nuclei in nanoscale molecular systems is presented. The method relies on a second order expansion of the Lagrangian in time-dependent density functional theory (TDDFT) around a suitable reference density. We show that the inclusion of the second order term renders the method a self-consistent scheme and improves the calculated optical spectra of molecules by a proper treatment of the coupled response. In the application to ion-fullerene collisions, the inclusion of self-consistency is found to be crucial for a correct description of the charge transfer between projectile and target. For a model of the photoreceptor in retinal proteins, nonadiabatic molecular dynamics simulations are performed and reveal problems of TDDFT in the prediction of intra-molecular charge transfer excitations.
Introduction
Beginning with the work of Zangwill and Soven [1] , the generalization of density functional theory to time dependent phenomena (TDDFT) has become an important tool in the description of laser-matter interaction. The possible applications are diverse and range from the calculation of spectra (linear optical [2] [3] [4] , circular dichroism [5, 6] , resonant Raman [7] ) to the evaluation of properties (polarization [8,9] , hyperpolarization [10] ) up to studies of high harmonic generation [11] [12] [13] and photochemical reactions [14] . The formal justification of TDDFT was laid by Runge and Gross [15] , who showed that the exact many body electron density can be obtained from single-particle mean field equations. The solution of these time dependent Kohn-Sham (TDKS) equations can be obtained either perturbatively in the small amplitude limit [16] or by direct numerical integration in the time domain [17] . Both approaches have their inherent merits and disadvantages.
In the linear response regime, for example, the problem can be recast in an eigenvalue equation in the particle-hole representation. This allows for an interpretation of optical spectra in terms of contributing single-particle transitions and also for a symmetry assignment of the states. Morea e-mail: t.niehaus@dkfz.de over, transitions with vanishing oscillator strength can be located, like dark singlet or generally triplet states [65] . One of the drawbacks of this approach is the rather poor numerical performance with a scaling of N 6 , where N is the number of electrons. It should be noted, however, that the CPU time as well as the memory demand can be significantly reduced when iterative procedures like the Davidson algorithm are employed.
In terms of scaling behavior, the numerical integration of the TDKS equations is much more favorable. Here, only the set of occupied orbitals needs to be treated. Because the propagation involves only matrix-vector products, linear scaling can be achieved for large systems [19] . Moreover, since this approach is not restricted to small intensities, non-linear effects like harmonic generation or multiphoton processes can be addressed. Another advantage of working in the real time domain is the possibility to study systematically the effect of different pulse shapes of the laser field on observables such as ionization [20] . With todays femtosecond laser sources, this is currently an active field of experimental research [22] .
Nearly all first principles applications of the real time approach have been limited to systems with fixed nuclei. Clearly, it would be highly desirable to study the motion of the coupled system of electrons and nuclei, which would allow one to address problems like laser induced The European Physical Journal D vibrational excitation or photochemical reactions. Since the time step of such molecular dynamics simulations is set to attoseconds by the ultrafast electronic motion, only small systems with a few degrees of freedom can be treated in an ab initio frame work [13, 20, 21] . Consequently, approximate TDDFT methods are quite successful in this domain of application.
Different groups contributed to this field and used their developments in a variety of different studies [14, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] 40] . In all these approximate schemes only the valence electrons are treated explicitly and the TDKS orbitals are expanded in a limited (usually minimal) basis of atomic orbitals. The Lagrangian, which is a functional of the time dependent density, is then expanded around a static reference density up to a certain order. In zeroth order the Hamiltonian depends only on the reference density, which permits the calculation of the necessary matrix elements once and for all. In this respect, the methods are similar to tight-binding approaches, although no fitting to experimental data is performed.
The purpose of this work is to analyze the implications of extending the mentioned expansion, since all studies so far were restricted to zeroth order. After a more detailed description of the problem in Section 2, we test the extension in the determination of optical spectra in Section 3.1 as well as for nonadiabatic molecular dynamics in Section 3.2. Finally, we perform an investigation of the photochemical reaction of a retinal analogue, a chromophore which exhibits an ultrafast radiationless deactivation in nature. These applications in quite different areas of molecular physics are intended to investigate the transferability of the method and also to illustrate the possibilities offered by an approximate solution of the TDDFT equations.
Method
In order to study the dynamics of a coupled system of electrons and nuclei, the equations of motion (EOM) need to be determined. While the electronic EOM in the framework of DFT is given by the well known time dependent Kohn-Sham equations, the nuclear EOM or force equation is not a priori evident. It can be derived either by exploiting the fact that the total energy is a conserved quantity, or by applying the Lagrange formalism. We follow the latter approach here and define the following Lagrangian, which depends on the TDKS states Ψ i (r t) and the nuclear positions R A :
with ρ(r t) = i |Ψ i (r t)| 2 . Here the first term is the classical kinetic energy of the ions, while the remaining terms in equation (1) can be obtained from the TDDFT action functional under the assumption that the exchangecorrelation (xc) contributions are local in time [45] . In this widely used adiabatic local density approximation, standard ground state functionals can also be used in the time dependent context simply by evaluation at the time dependent density. Thus, the Hamiltonian H[ρ](r t) in equation (1) takes the common DFT form. Furthermore, E DC represents the double counting terms
and E ii the ion-ion repulsion (Here and in the following dr is abbreviated as , and dr as ).
We now proceed by applying the same kind of approximations as were used in the derivation of the density functional theory based tight-binding (DFTB) method [41, 42] from static DFT. To keep the presentation concise we refer to some reviews [39, 40] , which provide a more detailed description of the basic concepts, practical realization and accuracy of the ground state DFTB approach. Here, we only report aspects, which are specific for the generalization to the time-dependent case. In a first step, the Lagrangian is expanded around a reference density ρ 0 (r), ρ(r t) = ρ 0 (r) + δρ(r t), which is given as a superposition of atomic (ground state) densities. In contrast to our earlier work [40] , we now include terms up to second order in the density fluctuations δρ(r t):
δρ(r t) δρ(r t)δρ(r t). (3c)
Please note that in this expansion all contributions which are linear in δρ are captured by the second term in equation (3a) through the TDKS states. The terms in equation (3b) can now be subsumed as E rep , a sum of short ranged pair potentials, which depend only on the atomic species and the interatomic distance. Since E rep is a functional of the time independent reference density ρ 0 only, it is exactly the same as used in the ground state DFTB scheme. The second order term of equation (3c), which is the focus of this work, is approximated as follows: 
